Conservation laws of generalized higher Burgers 
and linear evolution equations 

Sergei Igonin 



Abstract. By the Cole-Hopf transformation, with any Unear evolution equa- 
tion in 1 + 1 dimensions a generalized Burgers equation is associated. We 
describe local conservation laws of these equations. It turns out that any 
generalized Burgers equation has only one conservation law, while a linear 
evolution equation with constant coefficients has an infinite number of {x,t)- 
independent conservation laws iff the equation involves only odd order terms 
and, therefore, is bi-Hamiltonian. 



It is well known that the classical Burgers equation Vt = v,^.^ + 2vxV is obtained 
from the linear heat equation ut = Uxx by the Cole-Hopf transformation v = u^/u, 
but it is less known that this construction can be applied to an arbitrary linear 
evolution equation 

m 

ut = '^a\x,t)ui, (1) 
where, as usual, Ui = d^u/dx^ and 

a"(x,t)^0. (2) 
Indeed, denote v = v^^ ~ ui/u and Vk — D^{v), then 

i=0 

where D^. and Dt are the total derivatives, because it is easily seen that 

II ■ 

-^{Dx + vYil). 
u 

The equation 

m 

Vt^Dxi^a'ixMD.+vni)) (3) 

1=0 

is called the generalized Burgers equation associated with linear equation (1). This 
is an example of nonlinear C-integrable equations in the sense of Calogero [2]. 
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Example. Consider linear equations with constant coefficients 




(4) 



Clearly, flows (4) mutually commute for arbitrary Ui G M, hence flows (3) with 
constant coefficients o*(x,t) = a* also commute and form the integrablc Burgers 
hierarchy (see, for example, [4]). It passes the Painleve test [6], but, as it follows 
from Theorem 2 below, any generalized Burgers equation has only one local con- 
servation law. Note that this seems to be the only nonlinear integrable hierarchy 
that allows complete description of conservation laws for all its members. 

In the present article we study conservation laws of equations (1), (3). This 
question is trivial in the case of evolution equations of order 1, and from now on 

we assume m > 2. 

Recall [1, 5] that a smooth function (p{x,t,u,ui, . . . ,Uk) is called a conserved 
density of an equation 



if Dt(ip) = Da;{tp{x,t,u,ui, . . . for some function tp. Two conserved densities 
(fi, ip2 are said to be equaivalent if ^pi — (p2 — Dxi'4')i a-^d conserved densities of the 
form Dx{ip) are called trivial. Equivalence classes of conserved densities are called 
conservation laws. 

Example. The function u is a nontrivial conserved density for (3). 

Let y be a conserved density for (5), then its characteristic [5] (also called the 
generating function [1, 8]) is the variational derivative of y 



and is nonzero if and only if the density is nontrivial, i.e., equivalent conserved 
densities have the same characteristic. The homological interpretation of these 
concepts can be found in [1, 8]. 

For a function /i(x, i, ui, . . . ) the maximal integer k such that dh/duk 7^ 
will be called the order of h and denoted by o{h). If dh/duk = for all fc > 0, we 
set o(/i) = 0. 

Theorem 1. The characteristic ^ of any conserved density for (1) has the form 



Ut = F{x,t,u,ui, . . .,Um) 



(5) 





The characteristic satisfies the equation 




(7) 




(8) 



such that the operator Yli^^{^-<^)-^x self-adjoint, i.e., 



Y,b\x,t)Dl{^) = Y,{-^yDl{b\x,t)i,). 



(9) 



for any smooth function ip = ip{x, t,u,ui, . . .). 
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Proof. We must prove 



duiduj 



0, Vz,j>0, (10) 



then (9) foUows from the properties of variational derivatives [1, 5]. If (10) is not 
true then there exist io > jo > such that 



^0 (11) 



and 



du du • * > *+'^' - *o +•^0- (12) 

For (1) equation (7) reads 

rn 

-A(0 = E(-1)^^^('^^(^'*)^)- (13) 

i=0 

Differentiating (13) with respect to Uo({)+mi we get 

_a-(x,t)-^ = (-1)" • a'"(x,<)- 



Combining this identity with (2), we see that m is odd. Now differentiating (13) 
with respect to Ui„+m-i, Wjo+i and taking into account (12), one obtains 



which contradicts to our assumption (11); hence (10) is true. □ 

Theorem 2. Any conserved density of a generalized Burgers equation (3) is 
equivalent to Cv for some C S M, i.e., the space of conservation laws is one- 
dimensional. 

Remark. For the classical Burgers equation this fact is well known and follows 
from the general observation [1, 5] that for any even order evolution equation there 
is an upper bound on the order of the characteristics of conservation laws. However, 
these arguments do not work for generalized Burgers equations of arbitrary order 
considered in this theorem. 

Proof. For a conservation law il of (3) consider a conserved density 93 G J7 of 
minimal order k. Replacing Vk by D^[ui/u) in (p, we obtain a conserved density ip 
for (1). By the construction, (p is invariant under the symmetry Uk 1— > Xuk of (1), 
fc > 0, A G R. Then from (6) for the characteristic ^ of <^ one has 

^(x,t, Au, ...,Au2fe+2) = A~^^(a:;,i,M,...,U2fc+2), VA^O. (14) 

Combining (14) with (8), we obtain ^ = 0, that is, 

ifi = Dxij;{x,t,u,...,Uk) (15) 

for some function -0. 

From (15) we have d'^ip/du'f.j^-^ = 0, therefore, d^ip/dv^ = 0. This implies 
fc = 0, because if fc > 0, one easily constructs an equivalent conserved density p' 
with o{ip') < k = o{ip), which contradicts to our assumption that e 17 is of 
minimal order. Thus ip = l{x,t)v + n{x,t), (p = l{x,t)ui/u + n{x,t), and from (15) 
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we obtain that l{x, t) = l{t) does not depend on x. Finally, from the condition that 
<p is a conserved density it follows that l{t) is actually a constant. □ 

In contrast to generalized Burgers equations, for a linear equation (1) the space 
of conservation laws may be infinite-dimensional. 

Theorem 3. For a linear evolution equation with constant coefficients (4) the 
space CC of {x^t) -independent conservation laws is described as follows. 

1. //aVO thenCC = 0. 

2. // a" 0, but a^^ ^ for some j G N then CC is one- dimensional and 
generated by the conserved density u. 

3. // all the even coefficients a^^ vanish, CC is infinite- dimensional and gener- 
ated by the conserved densities 

u, ul, k>0. (16) 

Proof. Let (p = (p{u, . . . , Uk) be an (x, i)-independent conserved density. Prom 
(8) and (9) it follows that the characteristic ^ of any {x, i)-independent conserved 
density has the form 

^ = c + Y,c^U2j, c, c'' eM. (17) 
j 

Equation (13) reads 

m m 

-^^a'ciui+2j = ^^(-l)Wui+2,- +a°c. (18) 

j i=0 j i=0 

Clearly, if there is a nonzero even coefficient a^^ 7^ 0, j G N, then (18) implies 

^ = c e K, while if a" 7^ then ^ = 0. On the other hand, if a"^^ = for all j then 
(18) is valid for any constants c, cK It is easily seen that if a° = then cu is a 
conserved density with the characteristic ^ = c, while if a"^^ = for all j then the 
function (p = u'j is a conserved density with characteristic ^ = (— l)-'2w,2j. Hence 
every function (17) satisfying (18) is indeed a characteristic of a linear combination 
of the above described conserved densities, which thus span the whole space of 
conservation laws. □ 

Conservation laws (16) of a linear equation 

ut = Y^a^^+\2j+i, G M, (19) 

j>0 

can be derived as follows. Performing the Galilean transformation 

a; I— > a; + a^t, t t, u, 

we obtain an equation of the form (19) with = 0. Such an equation possesses a 
bi-Hamiltonian structure [7] 



«. = ^^Ki;E(-i)^-1«^'*'«?-.)- 



j>0 
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It is easily seen that conservation laws (16) are obtained from this by the Lenard 
scheme [3, 5] and, therefore, arc in involution with respect to the both correspond- 
ing Poisson brackets. According to [7], using (20) and the Cole-Hopf transfoma- 
tion, one can also construct a nonlocal bi-Hamiltonian structure for the generalized 
Burgers equation associated with (19). 

Acknowledgments 

The author would like to thank Prof. I. S. Krasil'shchik and Prof. R. Martini 
for useful remarks. 

References 

[1] A. V. Bocharov, V. N. Chetverikov, S. V. Duzhin, N. G. Khor'kova, I. S. Krasil'shchik, A. V. 
Samokhin, Yu. N. Torkhov, A. M. Verbovetsky, and A. M. Vinogradov. Symmetries and Con- 
servation Laws for Differential Equations of Mathematical Physics. American Mathematical 
Society, Providence, Rl, 1999. 

[2] F. Calogcro. Why arc certain nonlinear PDEs both widely applicable and integrable?. What 
Is Integrability?, 1-62. Springer- Verlag, Berlin, 1991. 

[3] I. Dorfman. Dirac Structures and Inegrability of Nonlinear Evolution Equations. John Wiley 
& Sons, Chichester, 1993. 

[4] D. Levi, O. Ragnisco, and M. Bruschi. Continuous and discrete matrix Burgers' hierarchies, 
Nuovo Cimento B (11) 74 (1983), 33-51. 

[5] P. J. Olver, Applications of Lie Groups to Differential Equations. Springer- Verlag, New York, 
1993. 

[6] A. Pickering. The Weiss- Tabor-Carnevale Painleve test and Burgers' hierarchy, J. Math. 

Phys. 35 (1994), 821-833. 
[7] H. Tasso. Hamiltonian formulation of odd Burgers hierarchy, J. Phys. A: Math. Gen. 29 

(1996), 7779-7784. 

[8] A. M. Vinogradov. The C-spectral sequence, Lagrangian formalism, and conservation laws. I. 
The linear theory. II. The nonUnear theory. J. Math. Anal. Appl. 100 (1984), 1-129. 

University of Twente, Faculty of Mathematical Sciences, P.O. Box 217, 7500 AE 
Enschede, the Netherlands 

E-mail address: igonin9mccme.ru 



